In this paper, we prove a structural theorem of Lebesgue's type concerning some unavoidable conÿgurations for graphs which can be embedded on surfaces of nonnegative characteristic and in which no two 3-cycles share a common vertex. As a corollary, we get a result about choosability of graphs embedded in surface of positive characteristic.
, is the number of edges incident with it, where each cut-edge is counted twice. A k-face is a face of degree k. An i-cycle is a cycle with exactly i edges.
In [12] , Lebesgue proved a structural theorem about plane graphs, which asserts that in each 3-connected plane graph, there must exist a vertex with given properties (see Theorem 2 of [10] ). There are many analogous results appeared since then [2,3,5 -7,10] . In this paper, we consider the structure of graphs which can be embedded on surfaces of nonnegative characteristic and in which no two 3-cycles share a common vertex. A Lebesgue's type theorem is proved which concerns some unavoidable conÿgurations of such graphs (Theorem 2.1).
Given a graph G, let f; g : V (G) → N be two functions, where N is the set of nonnegative integers. G is said to be (f; g)-choosable if, given any sets A(v) (v ∈ V (G)) of "colors" with |A(v)| = f(v), we can choose subsets B(v) ⊂ A(v) with |B(v)| = g (v) such that B(u) ∩ B(v) = ∅ whenever uv ∈ E(G) [9] . Graph G is (a; b)-choosable for integers a ¿ b if G is (f; g)-choosable for f(v) = a and g(v) = b for any vertex v. A (k; 1)-choosable graph is also called k-choosable. The choosability of graphs is a generalization of graph coloring, it was ÿrst introduced by Vizing [16] and independently by Erdős et al. [8] two decades ago.
It is known that every plane graph is 5-choosable [13] and there are plane graphs which are not 4-choosable [17] , and moreover, there are 3-colorable plane graphs which are not 4-choosable [19] . Also, it is known that each plane graph of girth at least 5 is 3-choosable [14] and there are triangles free plane graphs which are not 3-choosable [18] . In [11] , we proved that for each given i ∈ {3; 4; 5; 6}, every plane graph without cycles of length i is (4m; m)-choosable (Theorem 1 of [11] ) and every plane graph in which any two triangles have distance at least two is (4m; m)-choosable (Theorem 2 of [11] ), and conjectured that every plane graph without adjacent triangles is (4m; m)-choosable.
As a corollary of Theorem 2.1, we prove that each graph which can be embedded in surface of positive characteristic and in which no two 3-cycles sharing a common vertex is (4m; m)-choosable (Theorem 2.2). This result is tight in the sense that there exist non-3-colorable (certainly non-3-choosable) plane graphs in which any two 3-cycles have distance at least three. In our proofs, we will apply two results that have been proved elsewhere. Theorem 1.1 (Tuza and Voigt [15] ). For any nonnegative integer m; every 2-choosable graph is (2m; m)-choosable.
Since it is easy to see that every even cycle is 2-choosable, it follows that every even cycle is (2m; m)-choosable, m ¿ 0. In [9] , Galvin mentioned a lemma by Bondy, Boppana and Siegel about the relation between orientation and choosability of graphs (see Lemma 2.1 in [9] ). Given a digraph D = (V; A) and two vertices x; y of D, we usẽ xy ∈ A to denote that there is an arc in D from x to y. Let N D [x]={x}∪{u ∈ V |xu ∈ A}: A kernel of D is an independent set K ⊂ V such that, for each vertex u ∈ V \K, there is a vertex v ∈ K such thatũv ∈ A. The underlying graph of D is the graph G = (V; E), where E = {uv |ũv ∈ A}. The digraph D is (f; g)-choosable if its underlying graph is (f; g)-choosable. [9] , Bondy, Boppana and Siegel). Let D be a loopless digraph in which any two vertices are joined by at most one arc in every direction and every induced subgraph has a kernel; and let f and g be two nonnegative integer functions on
Theorem 1.2 (Galvin
V (D). If f(x) ¿ u∈ND[x] g(u) whenever g(x) ¿ 0; then D is (f; g)-choosable.
Results and proofs
Let G 1 ; G 2 ; : : : ; G 12 be the graphs shown in Fig. 1 . For 1 6 i 6 12, the vertices of G i marked with black points are called black vertices, other vertices are called white vertices. Two vertices x and y of G i are called identiÿable if (1) they are both black or both white, and (2) the distance between them is four. For example, G 1 has exact two pairs of identiÿable vertices, the pairs of the upper-left vertex and the lower-right vertex, and the pair of the lower-left vertex and the upper-right vertex. The lower-left vertex and the upper-right vertex of G 2 are not identiÿable because they have di erent colors. Two identiÿable vertices are identiÿed if these two vertices are replaced by a single vertex joining to each of their neighbors. For i ∈ {1; 2; : : : ; 12}, a graph is called a variety of G i if it is obtained from G i by identifying some identiÿable vertices. We use G to denote the family of graphs deÿned in Fig. 1 and all the varieties of them.
Let G be a graph embedded on a surface of nonnegative characteristic, S a subset of faces of G. We say that a subgraph H of G is face-induced by S if H consists of S and all edges and vertices incident with some faces of S. A face-induced subgraph F of G is called a G-subgraph if F is isomorphic to a graph H ∈ G such that (1) each vertex of F which corresponds to a white vertex of H is a 4-vertex in G, and (2) each vertex of F which corresponds to a black vertex of H is either a 5-vertex which implies that H is neither G 9 nor its variety, or a 6-vertex which implies that H = G 9 or its variety.
Theorem 2.1. Let G be a graph embedded on a surface of characteristic l ¿ 0; such that any two 3-cycles share no common vertex. If (G) ¿ 4; then G either contains a 4-cycle with four 4-vertices on it; or contains a G-subgraph. Moreover; if l ¿ 0; then G contains a G-subgraph isomorphic to one of G 11 ; G 12 and the variety of G 11 .
Proof. By contradiction. Suppose that G is a counterexample embedded on a surface of characteristic l ¿ 0. Then (G) ¿ 4; G contains no G-subgraph and each 4-face is incident with at least one vertex of degree greater than four.
By Euler's formula, we have
For each 4-face f, we use ¿5 (f) to denote the number of vertices of degree at least 5 which is incident with f, i.e., ¿5 (f) = |{v ∈ V (G)|v is incident with f and
Now, we construct a new weight w Since (G) ¿ 4 and any two 3-cycles share no common vertex, for each vertex x of G, we have
and
When x is a 5-vertex, by the choice of G, G contains no G-subgraphs isomorphic to one of G 11 ; G 12 and the variety of G 11 , so at most one of the 4-faces incident with x is incident with three 4-vertices, therefore
Let f be a face of G. Then
By (2) to (9), we know that
Now we assume l = 0 and hence w * (x) = 0 for each x ∈ V (G) ∪ F(G).
Claim 1. G contains no vertex of degree greater than ÿve.
Proof. By (3); G contains no vertex of degree greater than six. Assume x is a 6-vertex of G. Since w * (x)=0; then each of the faces incident with x receives 2 15 from x; and it follows from (R 3 ) that at least ÿve of the faces incident with x are 4-faces and each of them is incident with three 4-vertices; hence G must contain a G-subgraph isomorphic to G 9 or its varieties; a contradiction. Claim 2. G contains no face of degree greater than four.
Proof. If it is not the case; suppose that f is a face of degree greater than four; and that v is a vertex incident with f. Then; by the discharging rules; f get nothing from v; hence w
; contradicts to the assumption that w * (x) = 0 for each
Claim 3. Each vertex of G is incident with exactly one 3-face.
Proof. By the choice of G; each vertex is incident with at most one 3-face. From (2); we know that each 4-vertex must be incident with a 3-face. Let x be a 5-vertex. By (4); there are two faces incident with x such that each of them receives 2 15 from x. If x is not incident with 3-face; then x must be incident with two 4-faces each of them is incident with three 4-vertices; this implies that G contains a G-subgraph isomorphic to G 11 or G 12 or the variety of G 11 . Therefore; x must be incident with a 3-face too. Fig. 2 . Fig. 3 . The orientations of G 10 ; G 11 and G 12 .
It also can be veriÿed from (4) to (9) that Claim 4. Each 4-face is incident with at most two 5-vertices. Among the four 4-faces incident with a common 5-vertex; one is incident with three 4-vertices and each of the other three is incident with exactly two 4-vertices.
Let v be an arbitrary 5-vertex of G. Then the faces incident with v induce a subgraph FI(v) which is isomorphic to the graph shown in Fig. 2 or its varieties.
First, suppose that G contains adjacent 5-vertices and v is a 5-vertex adjacent to some 5-vertices. By Claim 4, exact one of the 4-faces incident with v is incident with three 4-vertices, we denote this 4-face by f. By symmetry, we can assume that f is either bounded by vv 1 u 1 v 2 v or bounded by vv 2 u 2 v 3 v (see Fig. 2 ). Now we shift our focus on to choosability of graphs. Let G 13 be the graph obtained from G 11 by identifying the left-most vertex with the right-most vertex. It is easy to see that G 13 is the unique variety of G 11 , and both G 10 and G 12 have no varieties.
For i = 10; 11; 12, let f i be the integer valued function deÿned on V (G i ) whose values are as indicated in Fig. 1 . Let f 13 : V (G 13 ) → {2; 3; 4} be a function deÿned as following: for u ∈ V (G 13 ), Proof. We construct orientations of G 10 ; G 11 and G 12 as shown in Fig. 3 ; the orientation of G 13 is just the same as that of G 11 except identifying the two identiÿable vertices. Then, it is not di culty to verify one by one by hand that mf i (x) ¿ m|N [x]| for each vertex x, and each induced subgraph of them has a kernel. By Theorem 1.2,
The following lemma is from [11] , we include its proof here for completeness.
Lemma 2.2 (Lam et al. [11]
). Given a graph G and two functions f; g :
where N is the set of nonnegative integers. Let H be a vertex-induced subgraph of G; and
The only two surfaces with positive characteristic are sphere and projective plane. Each graph embedable on the sphere is also embedable on the projective plane. Theorem 2.2. Every graph which can be embedded on the projective plane and in which no two 3-cycles share a common vertex is (4m; m)-choosable for every nonnegative integer m.
Proof. By contradiction. Suppose that G is a counterexample of minimum order for a given nonnegative integer m. Then; (G) ¿ 4; and by Theorem 2.1; G either contains a G-subgraph which is isomorphic to one of G 11 ; G 12 and G 13 ; or contains a 4-cycle such that each of the vertex on the cycle has degree 4. Let f(v) = 4m and g(v) = m for v ∈ V (G).
If Now, we suppose that each 4-cycle of G has a vertex of degree at least 5, then G contains a G-subgraph H which is isomorphic to one of G 11 ; G 12 and
. If H is an induced subgraph of G, then by Lemma 2.1, H is (f ; g)-choosable, and thus a contradiction follows because G is (4m; m)-choosable by Lemma 2.2. Therefore, we assume that H is not an induced subgraph of G. Then, H is either G 11 or G 12 . Let H be the subgraph of G induced by V (H ), and let E = E(H )\E(H ). We distinguish two cases. This completes the proof of Theorem 2.2.
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